We show that the orthogonality of order bounded finite rank operators T : E → E to the identity operator on E is equivalent to the continuity of the space E. We also describe discrete elements in the space L b (E, F) of order bounded linear maps transforming a Riesz space E into a Dedekind complete Riesz space F. Our description is the same as in Wickstead (1981) [5] but we obtain it making less restrictive, more natural assumptions and presenting a different proof. Additionally, we formulate a necessary and sufficient condition for the discreteness and continuity of L b (E, F).
Introduction
The class of Riesz spaces (= vector lattices) can be divided into three subclasses: continuous, discrete and heterogeneous spaces. Saying 'heterogeneous', we are thinking about a space which is neither continuous nor discrete. Roughly speaking, the continuity means that every nonzero positive element majorizes infinitely many pairwise disjoint nonzero elements whereas in discrete spaces every nonzero positive element dominates a non decomposable element. Discrete spaces are related to spaces with (uncountable in general) bases: a uniquely determined net of real numbers can be associated to every element in a discrete space. Classical sequence vector lattices ℓ p (0 < p ∞), c 0 are the most important examples of discrete spaces, and representatives of continuous spaces. Forming Cartesian products of discrete and continuous spaces, we obtain examples of heterogeneous spaces. Although the continuity and discreteness are unstable, i.e., they are not inherited by Riesz subspaces, these properties have essential influence on order-topological properties of Banach lattices (see [1, Chapter 6.4] , [4] , [6, Chapter 6] ). Discrete and continuous quotient Riesz spaces were investigated in detail in [7] . Paper [8] as well as [9] contains also results concerning the continuity and discreteness of ultrapowers, i.e., a particular type of quotients, important in the local theory of Banach spaces.
In the paper, we discuss conditions ensuring the discreteness and continuity of the space L b (E, F) of order bounded operators between Riesz spaces E and F (Theorem 3.1 and Corollary 3.2) and, additionally, we express the continuity of E by some properties of finite rank operators on E. More precisely, we prove (Theorem 3.4) that a Riesz space E is continuous if and only if the identity on E is orthogonal to order bounded finite rank operators. We have to explain that our characterization of discrete elements in L b (E, F) coincides with the characterization obtained in [5] , but we avoid assumptions concerning the center of E and F and their topological structures. We suppose F is Dedekind complete which is a standard assumption implying L b (E, F) is a (Dedekind complete) Riesz space with respect to the pointwise order, i.e., T S iff T (x) S(x) for every x ∈ E + . Moreover, the proof of Theorem 3.1 presented in the third section is different from the proof shown in [5] .
The notion of a discrete element in a Riesz space E is crucial for further investigations. Let us recall that an element e ∈ E + {0} is discrete if 0 y e implies y = te for some real number t. Moreover, E is called discrete if every x ∈ E + {0} majorizes a discrete element or, equivalently, E has a complete disjoint system (e γ ) γ ∈Γ consisting of discrete elements, i.e., |x| ∧ e γ = 0 for every γ implies x = 0. Additionally, if (e γ ) γ ∈Γ is a complete disjoint system of discrete elements in E, then for every x ∈ E + there holds x = sup γ x(γ )e γ , where the numbers x(γ ) are uniquely determined (see [1, p. 40] ). The mapping T : E + → R Γ + given by T (x) = (x(γ )) γ ∈Γ can be extended from E into R Γ by letting T (x) = T (x + ) − T (x − ) and the extension is an order isomorphic embedding. Therefore E can be identified with an order dense Riesz subspace T (E) of R Γ containing the unit vectors (= characteristic functions of one point sets).
On the other hand, a Riesz space E is said to be continuous if E does not contain discrete elements. Since for Archimedean Riesz spaces discrete elements are characterized as follows [3, Theorem 26.4 ] -e is discrete iff the interval [0, e] does not contain two nonzero disjoint elements -then, as we said before, nonzero positive elements in continuous spaces dominate infinite families of pairwise disjoint elements.
In our further considerations, we will always assume that E, F stand for Archimedean Riesz spaces.
It is well known that the space L b (E, F) is a partially ordered linear space with respect to the pointwise order. Moreover, for S 1 , . . . , S n , T ∈ L b (E, F) there holds ( * ) if S i ∧ T exists and S i ∧ T = 0 for all i then
The classical Ogasawara's theorem [2, Theorem 1.57] says that for a Dedekind complete Riesz space F, the collection L n (E, F) of all order continuous operators is a band of
is the band of normal singular operators. Every operator T ∈ L b (E, F) taking values in a Dedekind complete space F determines two subsets of E: the null ideal N T = {x ∈ E : |T |(|x|) = 0} and the carrier
The Riesz space L b (E, R) is denoted by E ∼ and it is called the order dual. We will denote spaces L n (E, R) and L sn (E, R) by E ∼ n and E ∼ ns , respectively. It is worth to say that h ∈ E ∼ is discrete in E ∼ if and only if h is a (nonzero) homomorphism [1, Theorem 1.85]. Since discrete elements in Archimedean Riesz spaces are projection elements [1, Theorem 1.77], then for every discrete e and a positive x, there exists a number t (x) such that t (x)e = sup n (x ∧ ne). Therefore e generates an order continuous homomorphism h e defined by h e (x) = t (x + ) − t (x − ). The functional h e is called the homomorphism associated to e. Conversely, if 0 ̸ = h ∈ E ∼ n is a homomorphism, then h = h e for some discrete e. Indeed, Ker h = N (h) is a band of codimension one. Therefore C h = Re ′ where e ′ is a discrete element. Hence h = th e ′ = h te ′ for some positive number t.
At the end, let F(A) be the family of finite nonempty subsets of the set A. Moreover, if f is a linear functional over E and y ∈ F, then f ⊗ y denotes an operator from E into F defined by
Auxiliary results
Below we collect several simple but useful lemmas. For the sake of completeness, we present their proofs. We show first that the continuity and discreteness of E is closely related to the same property of E ∼ n .
Lemma 2.1. For a Riesz space E, the following equivalences hold.
(a) E is continuous iff E ∼ n is continuous. (b) E is discrete iff E ∼ n is discrete and E ∼ n separates points. Proof. (a) ⇒ Suppose that h ∈ E ∼ n is discrete. As we observed earlier h = h e for a discrete e ∈ E, a contradiction.
⇐ If e ∈ E were discrete, then h e ∈ E ∼ n would be discrete in E ∼ n , a contradiction.
and choose x ∈ E + {0} such that f (x) > 0. Since E contains a complete disjoint system (e γ ) γ ∈Γ consisting of discrete elements and x = sup ∆∈F (Γ )  γ ∈∆ t γ (x)e γ (where (t γ (x)) γ ∈Γ is a family of real numbers), then by order continuity of f there holds f (e γ 0 ) > 0 for at least one index γ 0 . Moreover, for an arbitrary
, f dominates a discrete element f (e γ 0 )h γ 0 . Additionally, the family {h e γ : γ ∈ Γ } separates points.
⇐ Choose x ∈ E + {0} and 0
Since f is of the form f = sup α t α ( f )h e α for some family (e α ) of discrete elements in E, then h e α 0 (x) > 0 for at least one α 0 . The equality h e α 0 (x)e α 0 = sup n (x ∧ ne α 0 ) implies h e α 0 (x)e α 0 is a discrete element majorized by x.
Remark 2.2. The discreteness of E ∼ n does not imply the discreteness of E. Indeed, considering E = ℓ 1 × C[0, 1], we can identify E ∼ n with c 0 while E is heterogeneous. The next result concerns an expression of finite rank operators, i.e., operators T : E → F such that dim T (E) < ∞. The result shows that an order bounded finite rank operator is regularit is the difference of two positive finite rank operators. The author is very grateful to Lech Drewnowski who communicated to him about an elegant proof, that is presented below. Lemma 2.3. If T : E → F is an order bounded finite rank linear operator, then T =  n i=1 ( f i ⊗ e i ) for some f 1 , . . . , f n ∈ E ∼ and e 1 , . . . , e n ∈ F. Proof. Choose a Hamel basis e 1 , . . . , e n in T (E). There exist linear functionals f 1 , . . . , f n over E such that T =  n i=1 f i ⊗ e i . We claim f 1 , . . . , f n ∈ E ∼ . In the opposite case, we are able to find a ∈ E + {0} and x k ∈ [−a, a] satisfying the condition 1
ns and e belongs to a Dedekind complete Riesz space F, then f ⊗ e ∈ L ns (E, F).
Proof. Without loss of generality, we can assume that f and e are positive. Suppose first
, then the order continuous operator ( f ⊗ e) ∧ T vanishes on an order dense ideal N f , and so ( f ⊗ e) ∧ T = 0. Consider the case C f ̸ = {0}. According to [10, Theorem 24.3] , the functional f is a supremum of some increasing net ( f α ) of positive functionals with trivial carriers, i.e., C f α = {0}. Therefore 0 ( f α ⊗ e) ∧ T ↑ ( f ⊗ e) ∧ T , and so ( f ⊗ e) ∧ T = 0.
Our next lemma describes rank one operators belonging to the center of a Riesz space. The identity operator on a space E will be denoted by I d E .
Lemma 2.5. For a nonzero rank one operator S : E → E, the following statements are equivalent. Proof. (a) ⇒ (b) Without loss of generality, we can assume S = f ⊗ u for f ∈ E ∼ + {0} and u ∈ E + {0}. The assumption implies that f is an order continuous homomorphism, and so f = h e for some discrete element e. Moreover, by e S(e) = u we obtain u = te. Finally S = (th e ) ⊗ e.
(b) ⇒ (a) Let 0 S = (th e ) ⊗ e and let P e be the band projection onto Re. If x ∈ E + , then S(x) h e (x)e = P e (x) x, i.e., 0 S I d E .
Continuity and discreteness expressed by properties of operators
We start with a remark concerning extensions of operators. We assume that E, F are Riesz spaces with F Dedekind complete. For a positive operator T : E → F and an ideal I ⊂ E, the notation T I stands for the smallest extension of T restricted to I , i.e., (a) T is discrete. (b) There exists a discrete element e ∈ F and a homomorphism f ∈ E ∼ such that T = f ⊗ e.
Proof. (a) ⇒ (b) We first check that T is a homomorphism. Suppose, contrary to our claim, that E contains disjoint u, v ∈ E + {0} for which T (u) ∧ T (v) > 0. For S = T {u} dd there holds 0 S T , and so S = t T . Since T (u) = S(u) = t T (u), then t = 1. On the other hand,
Let us note that dim T (E) = 1. Suppose the claim were false. Since T (E) is a Riesz subspace, we could find two disjoint strictly positive elements x = T (u), y = T (v). Let P x : F → {x} dd be the band projection. We obtain 0 S = P x • T T . It should be S = t T . But T (u) = S(u) = t T (u) implies t = 1 which leads to a contradiction because 0 < T (v) = t T (v) = S(v) = 0. We have just checked that T (x) = g(x)u for some u ∈ F and a linear functional g on E.
Since T is a positive operator, then T (x 0 ) > 0 for some x 0 > 0. Putting e = g(x 0 )u and
, we obtain, by positivity of T ,
e where e > 0 and f 0.
The element e is discrete. If e were not discrete, then e = e 1 + e 2 , e i 0 and e 1 ∧ e 2 = 0. The nonzero positive operator S = f (x)e 1 is dominated by T . Therefore S = t T for some t ̸ = 0. But there holds e 1 = f (x 0 )e 1 = S(x 0 ) = t T (x 0 ) = t f (x 0 )e = te, a contradiction.
Since e is positive and T is a homomorphism, then f has to be a homomorphism too. (b) ⇒ (a) Let 0 S f ⊗ e. The discreteness of e and the condition 0 S(x) f (x)e for x ∈ E + imply S(x) = t x f (x)e, i.e., S(E) = Re. Hence S = g ⊗ e for some linear functional g over E. By positivity of S, we obtain g 0, and so g ∈ [0, f ]. Finally, g = t f because f is discrete. In other words, S = t ( f ⊗ e).
Theorem 3.1 implies that the continuity (discreteness) of L b (E, F) is equivalent to the same properties of E ∼ and F. Corollary 3.2. Let E, F be two Riesz spaces and let F be Dedekind complete.
Proof. (a) ⇒
We show that E ∼ is discrete. Let 0 < g ∈ E ∼ , 0 < x ∈ F be fixed. According to Theorem 3.1 for the operator T (u) = g(u)x we find a homomorphism f ∈ E ∼ and a discrete element e ∈ F such that 0 < f (·)e g(·)x. Hence P e x = te > 0 where P e : F → {e} dd = Re is the band projection. Therefore 0 f (u)e = P e ( f (u)e) g(u)P e (x) = tg(u)e for every u ∈ E + , i.e., f tg. We have just checked that g dominates the discrete element Discreteness of h implies f = sh for some s > 0. Choosing u > 0 such that h(u) > 0, we get 0 < sh(u)e h(u)x, i.e., x dominates the discrete element se.
There exists a discrete element e ∈ F which is not orthogonal to T (u), i.e., T (u) ∧ e > 0. Let P e : F → Re be the band projection. Obviously, P e • T = g ⊗ e for some functional g and positivity of the composition P e • T implies g 0, i.e., g ∈ E ∼ + {0}. Hence g majorizes a nonzero homomorphism f , and so 0 < f (·)e g(·)e = P e • T T . According to Theorem 3.1, we obtain that T dominates the discrete element f (·)e.
(b) ⇒ Suppose E ∼ and F are not continuous. If f ∈ E ∼ and e ∈ F are discrete, then due to F) were not continuous, then by Theorem 3.1 there would exist a discrete f ∈ E ∼ and a discrete e ∈ F, a contradiction.
The last result joins the continuity of E with a specific property of finite rank operators over E. Proof. (a) ⇒ (b) We will divide the proof into several parts.
1. Consider the case T = f ⊗ e where e ∈ E + {0} and 0 f ∈ E ∼ n {0}. 1.1. Assume additionally that E is Dedekind complete and put for x ∈ E p(x) = inf  max
It was proved in [4] that p is an M-seminorm on E. Moreover, p(x) f (|x|) and p(·) is order continuous. Therefore
is isometrically order isomorphic to a Riesz subspace of a space C(K ) of continuous functions on some compact set K . Supposing that 0 < x ∈ N ( p) d we can find a homomorphism h on C(K ) satisfying h(x) ̸ = 0. Since h is continuous with respect to the sup norm, then the functional h being the restriction of h to
We found a discrete element h in E ∼ n , a contradiction because the continuity of E is equivalent to the continuity of E ∼ n (see Lemma 2.1). We have just shown N ( p) d = {0}. Since E = N ( p), then for every x ∈ E + and every ε > 0 there exist pairwise disjoint x 1 , . . . , x n ∈ E + satisfying conditions
For every i ∈ {1, . . . , n} there holds y f (x i )e +  j̸ =i x j . Therefore y ∧ x i εe and y I d E (x) = x. Finally, 0 y = y∧x =  n i=1 y∧x i εe, and so y = 0. The last equality means that ( f ⊗e)∧ I d E = 0. . Since E δ is continuous, then the part 1.1 implies ( f ⊗ e) ∧ I d E δ = 0. Fix x ∈ E + and let X be the set of lower bounds of the set {x 1 + f (x 2 )e : x 1 , x 2 ∈ E + , x = x 1 + x 2 }. Clearly, 0 ∈ X . Consider a decomposition x = x 1 + x 2 where x 1 , x 2 ∈ E δ + , and choose a net (x α ) ⊂ E + increasing to x 2 . If y ∈ X , then y x −x α + f (x α )e = x −x α + f (x α )e. Hence y x 1 + f (x 2 )e. According to ( f ⊗e)∧ I d E δ = 0, we obtain y 0, and so 0 = inf{x 1 + f (x 2 )e :
2. Let T = f ⊗ e where e ∈ E + {0} and 0 f ∈ E ∼ ns {0}. By the theorem of Kantorovich ([2, Theorem 1.32]), f can be extended to a positive functional f on E δ . The functional f has a unique decomposition f = f 1 + f 2 ∈ (E δ ) ∼ n ⊕ (E δ ) ∼ ns , f i 0. Since I d E δ is order continuous and f 2 ⊗ e is, due to Lemma 2.4, normal singular, then ( f 2 ⊗ e) ∧ I d E δ = 0. Applying part 1.1, we obtain ( f 1 ⊗ e) ∧ I d E δ = 0, and so ( f ⊗ e) ∧ I d E δ = 0. Repeating the arguments used in part 1.2, we can easily check that also ( f ⊗ e) ∧ I d E = 0. 3. Consider the general case T = f ⊗ e where f ∈ E ∼ and e ∈ F. If | f | = f 1 + f 2 ∈ E ∼ n + ⊕ E ∼ ns + , then it is easy to verify that ( f 1 ⊕ |e|) ∧ ( f 2 ⊕ |e|) exists in the partially ordered linear space L b (E, E) and ( f 1 ⊕ |e|) ∧ ( f 2 ⊕ |e|) = 0. According to parts 1. 
